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(1) $x_{n+1}-x_{n}+A(x_{n}-X_{n-k})=0$, $n=0,1,2,$ $\ldots$
, $A:2\cross 2$ , $k\in \mathrm{N}$ , $x_{-k},$ $\ldots,$ $x_{0}\in \mathrm{R}^{2}$ ,
$\mathrm{R}^{2}$ (1)
, (1) ,
([1], [2]) – , (1)
(E) $x’(t)+A(x(t)-x(t-\tau))=0$ , $(\tau>0)$
, Murakami ([3]) , (1)
[3] , (1)
,
, $P$ $x_{n}=Pu_{n}$ (1)
$u_{n+1}-u_{n}+P^{-1}AP(u_{n}-u_{n}-k)=0$
, $A$ :
(I) $A=a$ , (II) $A=$ , (III) $A=$
, $a,$ $a_{1},$ $a_{2},$ $\in \mathrm{R},$ $0<|\theta|\leq\pi/2$
2. ( – )
$y_{n}=\mathrm{d}\mathrm{e}\mathrm{f}\in \mathrm{R}^{m}$ ( , $m=2(k+1)$ ) , (1) $m$
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$y_{0}$ ,
$y_{n}=\hat{A}^{n}y_{0}$
, $y_{n}\text{ }$ , $yarrow\hat{A}y$




( , $\mathrm{C}^{m}$ , )





, $|\lambda_{i}|<1$ $\lim_{narrow\infty}c_{i}\lambda^{n}i\emptyset i=0$ , $narrow\infty$
, $|\lambda_{i}|<1$ , $\hat{A}$
$|\lambda_{i}|=1$ (– ), $|\lambda_{j}|<1$ ( )
, $y_{0}$ $\phi_{i}$ $c_{i}$ , $y_{n}$ $c_{i}\lambda_{i}^{n}\phi_{i}$





, $\lambda_{i}\psi i\phi_{j}=\psi i\hat{A}\emptyset j=\psi i\lambda j\phi j=\lambda j\psi i\phi j$
$(\lambda_{i}-\lambda_{j})\psi i\phi_{j}=0$
, $i\neq j$ $\psi_{i}\phi_{j}=0$ , (3) $\psi_{i}$
$\psi iy0=C1\psi i\vee 00\emptyset 1+\cdots+C_{i}\psi i\psi i+\cdots+C_{m}\psi_{i\phi m}=c_{i}\psi_{i}\phi i$
(4) $\mathrm{q}=(\psi_{i}\emptyset i)-1\psi_{i}y0$




, , $<1$ $narrow\infty$ $0$
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3.
, (2) ( )
(5) $\det(\lambda I-\hat{A})=0$





, $\omega_{0}=\frac{2\theta}{k+1}$ , $\omega_{-1}=-\mathrm{s}\mathrm{g}\mathrm{n}\theta\frac{2(\pi-|\theta|)}{k+1}$
Lemma 1. $A$ (I)
(i) $a_{0}<a<a_{-1}$ , (5) $\lambda=1$ ( $2$ ), $|\lambda|<1$
(ii) $a=a_{0}$ , (5) $\lambda=1$ ( $2$ ), $\lambda=e^{\pm i\zeta}v_{0}$ ( ), $|\lambda|<1$
(iii) $a=a_{-1}$ , (5) $\lambda=1$ ( $2$ ), $\lambda=e^{\pm i\omega}-1$ ( ), $|\lambda|<1$









Remark 2. $F(1)=0$ $F’(1)=1+kae^{i\theta}\neq 0$ , $\lambda=1$ $F(\lambda)=0$
$F(\lambda)=(\lambda-1)\{\lambda k(+ae^{i\theta k}\lambda-1+\lambda k-2++\cdots 1)\}$
,
(6) $f(a, \lambda)\equiv\lambda^{k}+ae^{i\theta}(\lambda k-1+\lambda-2+\cdots+1k)=0$
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Proposition 1. $\lambda$ (6) $\lambda$ $a$
(7) $\lambda=e^{i\omega_{m}}$ , where $\omega_{m}=\frac{2(\theta+m\pi)}{k+1}$ ,
(8) $a_{m}= \frac{\sin(\omega_{m}/2)}{\sin(\omega_{m}/2-\theta)}$
for some $m=-[ \frac{k+1}{2}],$ $\ldots,$ $-1,0,1,$ $\ldots,$ $[ \frac{k}{2}]$ ( $[\cdot]$ )
, $a$ (8) $\lambda=e^{iw_{m}}$ (6)









$\lambda=e^{iw_{m}}$ where $\omega_{m}=\frac{2\theta+2m\pi}{k+1},$ $m=-[ \frac{k+1}{2}],$ $\ldots,$ $-1,0,1,$ $\ldots,$ $[ \frac{k}{2}]$
$a=- \frac{e^{i\theta}(\lambda-1)}{\lambda(\lambda^{k}-1)}=-\frac{e^{i\theta}(\lambda-1)}{e^{2i\theta}-\lambda}=\frac{\lambda^{1/2}-\lambda^{-}1/2}{e^{-i\theta}\lambda^{1/2}-ei\theta\lambda^{-1/}2}$
$= \frac{e^{i(\omega_{m}/)-i(}2-e\omega m/2)}{e^{i(\omega_{m}}/2-\theta)-e-i((v_{m}/2-\theta)}=\frac{\sin(\omega_{m}/2)}{\sin(\omega_{m}/2-\theta)}\equiv a_{m}$
, $a$ (8) , $\lambda=e^{i\omega_{m}}$ (6) $\square$
Proposition 2. (8) $a_{m}$ $a_{m}>0$ $a_{m}<0$
:
$\sin\underline{\pi-\theta}$ $\mathrm{s}\ln\underline{\theta}$




$h(X)= \frac{\sin(x/2)}{\sin(X/2-\theta)}$ $(-\pi<X\leq\pi, x\neq 2\theta)$




, $a_{m}>0$ $a_{-1}$ , $a_{m}<0$ $a_{0}$




Proof. $\lambda$ (6) $\lambda\neq 1$ $\lambda^{k}\neq 1$ (9)
(11) $\frac{\partial f(a,\lambda)}{\partial\lambda}=k\lambda^{k-1}+ae\frac{k\lambda^{k-1}(\lambda-1)-(\lambda k-1)}{(\lambda-1)^{2}}i\theta$








. . $(k+1)(\lambda-1)(\lambda k-1)=0$
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$\lambda\neq 1$ $\lambda^{k}\neq 1$ ,
$\frac{\partial f(a,\lambda)}{\partial\lambda}|_{\lambda=e^{i\omega_{m}}}\neq 0$
Proposition 4. , (6)
Proof. , (6) $\lambda---\lambda(a)$ $a\in \mathrm{C}$ , Proposition 3
, $a=a_{m}$
(12) $\frac{d\lambda}{da}=-\frac{\frac{\partial f(a,\lambda)}{\partial a}}{\frac{\partial f(a,\lambda)}{\partial\lambda}}$
$\lambda=re^{i\omega}$
(13) $\frac{d\lambda}{da}=\frac{\lambda}{r}(\frac{dr}{da}+ir\frac{d\omega}{da})$
, $a$ , (12) (13)




${\rm Re} \{-\frac{1}{\lambda}\cdot\frac{\partial f(a,\lambda)}{\partial a}\cdot\overline{\frac{\partial f(a,\lambda)}{\partial\lambda}}\}$







Proof of Lemma 1. Remark 2 $f(\lambda)\overline{f(\overline{\lambda})}=0$ $\lambda$
(i) $a_{0}<a<$. $a_{-1}$ $a=0$ $\lambda=0$ ($2k$ ) Proposition 2
$\lambda$
$a$ $a_{0}<a<a_{-1}$ $|\lambda|<1$ for all $\lambda$
(ii) $a=a_{0}$ Propositions 1and 2 $\lambda=e^{i\omega 0}$ $|\lambda|\geq 1$ $f(\lambda)=0$
Proposition 3 $\lambda=e^{i\omega 0}$ $\lambda=e^{-i\omega}0$ $|\lambda|\geq 1$
$\overline{f(\lambda)}=0$ ,
(iii) $a=a_{-1}$ (ii) $\lambda=e^{\pm i\omega}-1$ $|\lambda|\geq 1$ ,
(iv) $a<a0$ $a>a_{-1}$ o Proposition 4 $|\lambda|>1$ for some $\lambda$
$A$ (II) (III) , Lemma 1
Lemma 2. $A$ (II)
(i)
$- \frac{1}{k}<\mathrm{a}\text{ _{ }}a_{1}<1$
$- \frac{1}{k}<a_{2}<1$ (5) $\lambda=1$ ( $2$ ), $|\lambda|<1$
(ii) $a_{1}=1$ $a_{2}=1$ , (5) $\lambda=e^{i\frac{2l\pi}{k+1}}$ ( $2$ ) $(l=0, \ldots, k)$ $(|^{\forall}\lambda|=1)$
(iii) $a_{1}=- \frac{1}{k}$ $a_{2}=- \frac{1}{k}$ , (5) $\lambda=1$ ( $4$ ), $|\lambda|<1$
(iv) $\exists_{j:}a_{j}<-\frac{1}{k}$ $a_{j}>1$ $|\lambda|>1$ (5)
Lemma 3. $A$ (III)
(i) $- \frac{1}{k}<a<1$ (5) $\lambda=1$ ( $2$ ), $|\lambda|<1$
(ii) $a=1$ , (5) $\lambda=e^{i\frac{2l\pi}{k+1}}$ ( $2$ ) $(l=0,1, \ldots, k)$ $(|^{\forall}\lambda|=1)$
(iii) $a=- \frac{1}{k}$ (5) $\lambda=1$ ( $4$ ), $|\lambda|<1$
1
(iv) $a<-_{\overline{k}}$ $a>1$ , $|\lambda|>1$ (5)
4.
, (1)
Theorem 1. $A$ (I)
(i) $a_{0}<a<a_{-1}$ , (1) $x_{n}$ $b$
, $b=(I+kA)^{-1}(x0+A \sum_{j=1}^{k}X_{-j})$ $\circ$
(ii) $a=a_{0}$ $a=a_{-1}$ , (1) $x_{n}$ $x_{n}^{*}$
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, $x_{n}^{*}=b+c$ , $\omega=\{$
$\omega_{0}$ $(a=a_{0})$
$\omega_{-1}$ $(a=a_{-1})$
$b=(I+kA)^{-}1(x0+A \sum x_{-}j)j=1$ ’
$c=(I+kAT)^{-1}(x0+A^{\tau} \sum j=1kx_{-j})$
(iii) $a<a_{0}$ $a>a_{-1}$ , (1)
Proof. $\lambda=1$ $\hat{A}$ $\lambda=1$ , rank$(\lambda I-\hat{A})=m-2$ ,
2 , $\hat{A}\phi=\lambda\phi$ $\phi$
$\phi_{1}=$ , $\phi_{2}=$
, $\psi\hat{A}=\lambda\psi$ $\psi$
$\psi_{1}=(a_{11}, a_{12}, \cdots, a_{11}, a_{12},1,0)$ , $\psi_{2}=(a_{2}1, a_{22}, \cdots , a_{21}, a_{22},0,1)$
( l $A$ $(j,$ $l)$ )
(i) $a_{0}<a<a_{-1}$ Lemma 1(i) $\lambda=1$ 2
$y_{n}=b_{1}1n\phi_{1}+b_{2}1n\phi_{2}+\cdot\cdot\vee\cdot$
$|\lambda_{j}|<1$
, (1) $x_{n}$ ($n$ : )
$b_{1}+b_{2}=$






(14) $b=( \Psi\Phi)^{-1}\Psi y0=(I+kA)-1(x0+\sum_{1j=} Ax_{-j})$






$\lambda^{1i\theta}ae^{-}(1, i),$ $(1, i))$
$\lambda^{0}$
. $\lambda=e^{-\dot{u}v0}=\overline{e^{i\omega_{\mathrm{O}}}}$ $\phi_{2}=\overline{\phi_{1}}$ $\psi_{2}=\overline{\psi_{1}}$
, $\tilde{b}=$
$yn=\tilde{b}+C1e\phi in\omega \mathrm{O}+C2e^{-}in\omega 0\phi 12+\cdot\cdot\vee\cdot=\tilde{b}+2{\rm Re}(c_{1}e^{i\omega 0}\phi n)1+\cdots$
$|\lambda_{j}|<1$
(1) $x_{n}$ ($n$ : )
(15) $x_{n}^{*}=b+2{\rm Re}\{c_{1}e^{i\omega 0}\eta\}$
$=b+2{\rm Re} C_{1}{\rm Re}\{e^{in\omega_{0}}\}-$ $2{\rm Im} c_{1}{\rm Im}\{$ $e^{in\iota v0}.\}$
$=b+2{\rm Re} C1-2{\rm Im} c_{1}$
$=b+$
$c=(2{\rm Re} c_{1},2{\rm Im} C1)^{T}$ (4)
$c==$
$= \frac{1}{|\psi_{1}\phi 1|^{2}}(\frac{\psi}{\psi_{1}\phi_{1}}i+\psi 1\phi_{1}(-\frac{1y}{\psi_{1}}i)\overline{\psi 11\phi 1}\psi_{1}y0+\psi 1\phi 1\overline{\psi}0y0/y0/)$
$= \frac{1}{({\rm Re}\psi_{1}\emptyset 1)2+({\rm Im}\psi 1\emptyset 1)^{2}}(_{\psi_{1}}^{\psi_{y0}}1y0+\overline{\frac{\psi_{1}}{\psi_{1}}}\mathrm{I}/i-y00y/i$
$=2$
, $\phi_{1},$ $\psi_{1}$ $\psi_{1}\phi_{1}=2(1+kae^{-i\theta})$$=$$= \frac{1}{2}(I+kA^{\tau})^{-1}$
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, $\psi_{1y0}=(1,i)x0+a\sum_{j=1}^{k}(e^{i}-\theta,ie-\theta))(j\omega 0)i(j\omega 0x_{-j}$
$=$$=(x_{0}+a \sum_{=j1}kx_{-j})$
$=(x0+A^{\tau} \sum j=1kx_{-j})$
(16) $c=(I+kA^{\tau})^{-1}(x0+A^{T} \sum_{j=1}^{\text{ }}x_{-j})$
(iii) $a<a_{0}$ $a>a_{-1}$ Lemma 1(iv) $|\lambda|>1$ ,
(1y
Theorem 1 , $A$ ,
Theorem 2. $A$ (II)
(i) $- \frac{1}{k}<a_{1}<1$ $- \frac{1}{k}<a_{2}<1$ (1) $x_{n}$ $b$
, $b=(I+kA)^{-1}(x0+A \sum_{j=1}x_{-j}k)$
(ii) $a_{1}=1$ $a_{2}=1$ , (1) $x_{n}$ $(k+1)$ - $x_{n}^{*}$
, $x_{n}^{*}= \frac{1}{k+1}\sum^{k}\mathrm{t}=0j\sum_{=0}^{\text{ }}\cos(\frac{2l(n+j)\pi}{k+1})x_{-j}$
(iii) $\exists_{j:a_{j}}\leq-\frac{1}{k}\text{ }$ $a_{j}>1$ (1)
Theorem 3. $A$ (III)
(i) $- \frac{1}{k}<a<1$ (1) $x_{n}$ $b$
, $b=(I+kA)^{-1}(x_{0}+A \sum_{j=1}^{k}X_{-j})$ $\circ$
(ii) $a \leq-\frac{1}{k}$ $a\geq 1$ (1)
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5. ( )
, $A$ (I) , (1) $x_{n}$
, (1)
(17) $z_{n+1}-Z_{n}+ae^{i\theta}(z_{n}-Z_{n-k})=0$ , $n=0,1,2,$ $\ldots$
$a\in \mathrm{R},$ $0<|\theta|\leq\pi/2,$ $k\in \mathrm{N}$ , $z_{-k},$ $\ldots,$ $z0\in \mathrm{C}$
, (17) $F(\lambda)=0$ ,
Theorem 4. $a_{0},$ $a_{-1}$ 3 , $\beta$ :
$\beta=(1+kae^{i}\theta)-1(Z0+aei\theta j=1\sum Z_{-j})$
(i) $a_{0}<a<a_{-1}$ , (17) $z_{n}$ $\beta$
(ii) $a=a_{0}$ $a=a_{-1}$
(a) $\theta/\pi$ , (17) $\beta$
(b) $\theta/\pi$ , $\{\arg(Zn-\beta)\}$ $[0,2\pi)$ –
, $0\leq p_{n}<2\pi$ $\{p_{n}\}$ $[0,2\pi)$ – ,
$p,$ $q(0\leq p\leq q<2\pi)$
$\lim_{Narrow\infty}\frac{1}{N}\mathrm{C}\mathrm{a}\mathrm{r}\mathrm{d}\{n|p\leq p_{n}\leq q, 1\leq n\leq N\}=\frac{q-p}{2\pi}$
Theorem 4 , , $(\mathrm{i}\mathrm{i})-(\mathrm{b})$ – , Weyl
: $0\leq p_{n}<2\pi$ $\{p_{n}\}$ $m(\neq 0)$
$\lim_{Narrow\infty}\frac{1}{N}\sum_{n=1}e=0Nimp_{n}$
, $\{p_{n}\}$ $[0,2\pi)$ –
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